Energy levels and fine-structure intervals of the 1s2l2l ′ core-excited states are calculated for ions along the Li isoelectronic sequence from argon to uranium. The calculation is performed by the relativistic configurationinteraction method adapted for treatment of autoionizing core-excited states. The calculational approach includes the relativistic treatment of the nuclear recoil effect, the leading QED shifts as delivered by the model QED operator, and the frequency dependence of the Breit interaction. The 1s2l2l ′ -1s 2 2l transition energies are obtained by combining the present results for the 1s2l2l ′ states with energies of the 1s 2 2l states compiled from previous calculations. All theoretical energies are supplied with uncertainty estimates. Our theoretical predictions for the 1s2l2l ′ -1s 2 2l transitions are significantly more accurate than the best experimental results available today and can be used for calibrating experimental X-ray spectra.
I. INTRODUCTION
Spectroscopic data on dielectronic satellite spectra of highly charged ions are widely used for analysing stellar flares, tokamak and laser-produced plasmas. Such spectra provide important information on the electron temperature and density, the ionization state distribution, and other characteristics of hot plasmas, which are required in non-perturbing spectroscopic techniques for plasma diagnosis.
There are extensive tabulations of atomic spectroscopic data available in the literature, which are widely used for modelling atomic spectra and astrophysical analysis, e.g., Refs. [1] [2] [3] . These tabulations are mostly based on critically evaluated experimental results and include theoretical values for H-like and sometimes for He-like ions. The reason for this is that theoretical calculations from 1980s and 1990s for ions with a larger number of electrons were often not very reliable and could not provide quantitative predictions with estimations of uncertainty of uncalculated effects.
Significant progress in theory of highly charged ions has been achieved in the last years. For Li-like ions, rigorous QED calculations to all orders in the nuclear strength parameter Zα (where Z is the nuclear charge number and α is the fine structure constant) were performed for the ground and the first valence excited states [4] [5] [6] [7] [8] [9] . Extensive calculations of energies of core-excited states of Li-like ions were carried out in our previous investigations [10, 11] . All these calculations yielded predictive results, i.e., results with estimations of uncertainties due to uncalculated effects. Moreover, for the core-excited states, the theoretical predictions were shown to be significantly more accurate than the best experimental energies available today (see the comparison in Tables VII-IX of Ref. [11] ). This conclusion is confirmed in the present work by comparing theoretical values against benchmark experimental results in the medium-and high-Z region [12] [13] [14] .
High accuracy of theoretical energies of core-excited states of Li-like ions makes them the preferable source of spectroscopic data for modelling plasma spectra and opens up new possibilities of their usage for calibration of experimental Xray spectra for ions with a larger number of electrons [11] .
The goal of the present work is to extend our previous calculation of energies of core-excited 1s2l2l ′ states of Li-like ions with Z = 6 -17 in Ref. [11] to the higher-Z region, Z = 18 -92, thus applying the same method across the entire isoelectronic sequence, and evaluating theoretical uncertainties in the same way for all nuclear charges.
Relativistic units = c = 1 and α = e 2 /(4π) are used throughout this paper.
II. METHOD OF CALCULATION A. Dirac-Coulomb-Breit energies
The no-pair Dirac-Coulomb Breit (DCB) Hamiltonian is given by (1) where the indices i, j = 1, . . . , N numerate the electrons, h D is the one-particle Dirac Hamiltonian with the nuclear Coulomb potential V nuc and the Dirac-Fock potential of the frozen core V
Λ ++ is the projector on the positive-energy states of the Hamiltonian h D , and V C and V B are the Coulomb and the Breit parts of the electron-electron interaction,
V B (i, j) = − α 2 r ij [α i · α j + (α i ·r ij ) (α j ·r ij )] , (4) α = γ 0 γ and β = γ 0 are the Dirac matrices, r ij = r i − r j , andr = r/r.
The eigenvalues of the DCB Hamiltonian are obtained by the configuration-interaction (CI) method. In this method, the N -electron wave function Ψ(P JM ) with a definite parity P , total angular momentum J, and angular momentum projection M is represented as a finite sum of configuration-state functions (CSFs) with the same P , J, and M , Ψ(P JM ) = r c r Φ(γ r P JM ) ,
where γ r denotes the set of additional quantum numbers that determine the CSF. The CSFs are constructed as linear combinations of antisymmetrized products of one-electron orbitals, which are positive-energy eigenfunctions of h D . Energy levels of the atom and the wave-function expansion coefficients c r are obtained as the eigenvalues and the eigenvectors of the matrix of the DCB Hamiltonian in the space of the CSFs, {H rs } ≡ { γ r P JM |H DCB |γ s P JM } .
Details of our implementation of the CI method can be found in Refs. [10, 11, 15] . The energy levels obtained from the DCB Hamiltonian (1) are supplemented by various corrections considered below.
B. Frequency-dependent Breit interaction
The operator of the electron-electron interaction in the form of V C +V B [as given by Eqs. (3) and (4)] is obtained within the Breit approximation. It does not depend on the energy (frequency) of the virtual exchange photon and thus neglects the retardation effects. The exact QED operator of the electronelectron interaction has an explicit dependence on the virtual photon energy ω. The frequency-dependence of the electron interaction gives rise to the following additional term that should be added to the Coulomb and the unretarded Breit interactions, V B,ret (ω, i, j) = I Coul (ω, i, j) − V C (i, j) − V B (i, j) = α α i · α j 1 − cos(ωr ij ) r ij
where I Coul (ω, i, j) = α α µ α ν D µν (ω, |r i − r j |) is the (real part of the) QED operator of the electron-electron interaction in the Coulomb gauge and D µν is the photon propagator (see Ref. [16] ).
In our calculation, we include the frequency-dependent part of the electron-electron interaction only for the reference-state configuration(s), which corresponds to the correct treatment of the one-photon exchange correction in the QED perturbation theory [16] . We note that accounting for the frequency dependence beyond that level is possible only within a systematic QED approach (see Refs. [7, 17] for details). Because of this, inclusion of the frequency-dependent interaction into all elements of the DBC Hamiltonian matrix (6) can yield spurious effects and should be avoided.
C. Relativistic recoil
Since in the present work we are interested in medium-and high-Z ions, we need to treat the nuclear recoil effect relativistically, beyond the standard nonrelativistic normal and specific mass-shift operators. The relativistic recoil operator was derived in Refs. [18, 19] (see also Ref. [16] ),
where m and M are the mass of the electron and the nucleus, respectively. In order to compute the energy shifts due the relativistic recoil effect, we perform our CI calculations with and without the operator H rec added to the DCB Hamiltonian.
Since the resulting energy shift is relatively small, it is sufficient to use a smaller basis of CSFs than in the main part of the CI calculation.
D. Leading QED effects
The QED effects must nowadays be included in any accurate calculations of atomic energy levels. Rigorous QED calculations have been performed for the 1s 2 2s and 1s 2 2p j states of Li-like ions, but not for other states. In our present treatment of core-excited states, we utilize the method of the model QED operator developed by Shabaev et al. [20] . In this method, the exact one-loop QED operator is replaced by the approximate operator V QED , V QED = V SE,loc (r) + V SE,nloc + V Uehl (r) + V WK (r) , (9) where V SE,loc (r) is the local part of the electron self-energy, V SE,nloc is the non-local remainder of the self-energy operator, V Uehl (r) and V WK (r) are the Uehling and the WichmannKroll parts of the vacuum polarization [21] , respectively. The nonlocal part of the self-energy operator is defined as [20] V SE,nloc = n ijlk=1
where Σ(ε) is the exact one-loop self-energy operator [22] , ψ i are the hydrogenic wave functions, φ i are the model wave functions, and D is the overlap matrix, D ij = φ i |ψ j . For further details on the construction of the model QED operator we refer the reader to the original work [20] . In this study we use the model QED operator as implemented by the QEDMOD package [23, 24] . Specifically, the model QED potential is added to the one-particle Hamiltonian h D in Eq. (1) , h D → h D + V QED , for one-electron matrix elements between orbitals i and j if both of them are from the discrete part of the spectrum (i.e., −mc 2 < ε i,j < 0). The uncertainty induced by the approximate nature of the model QED operator was estimated by comparing the QED shifts for the 1s 2 2s and 1s 2 2p j states as obtained with the QEDMOD package with those from the rigorous QED treatment. Based on the detailed analysis presented in our previous study [11] (see Table II therein) and extended in the present work, we estimate the QED uncertainty of the total binding energy of a state as (18/Z)% of the QED correction (for the region of Z ≥ 18 addressed in the present work). This is consistent with the corresponding estimate of 1% for Z < 18 in in our previous work [11] .
For calculating the QED uncertainty in transition energies, in most cases we propagate errors in the standard way, adding quadratically the uncertainties of the two transition states. For some transitions (particularly, for the fine-structure intervals), however, there is a large cancellation of the QED effects in the difference. In these cases, the QED corrections for the two transition states are highly correlated because the dominant contribution comes from the core-electron charge density, which does not change much between the initial and the final state. In these cases of large cancellations, we estimate the QED uncertainty as 4% of the QED correction to the energy difference.
E. Higher-order QED effects
Two higher-order QED effects were also included in our calculation, namely, the two-loop QED effects and the QED part of the nuclear recoil. Both these effects were accounted for in the approximation of independent electrons, by using data tabulated in Ref. [25] . The corresponding energy shifts for the core-excited states turned out to be quite small, but we still included them in order to be consistent with the energies of 1s 2 2s and 1s 2 2p j states, deduced from rigorous QED calculations as described in the next section.
III. CALCULATION
Computational details of our implementation of the CI method are described in our previous studies [10, 11, 15] and will not be repeated here. It is important to point out, however, that since we are presently interested in the autoionizing core-excited states, it was important to use the procedure for "balancing" the basis set of one-electron orbitals, which was developed in our previous investigation [11] . The usage of the balanced basis allowed us to significantly improve the convergence of our CI energies with respect to the size of the basis set.
With the help of the CI method we obtain total binding energies of the core-excited states, which cannot be readily accessed experimentally. In order to get transition energies typically measured in experiments, we need in addition theoretical results for the 1s 2 state of He-like ions and the 1s 2 2s, 1s 2 2p 1/2 , and 1s 2 2p 3/2 states of Li-like ions. Rigorous QED calculations are available in the literature for these states [4] [5] [6] [7] [8] [9] 26] . These studies were mostly focused on transition energies, so we had to combine results from different works in order to get the total binding energies. Specifically, we added together the ionization energy of the hydrogenic 1s state tabulated in Ref. [25] , the ionization energy of the 1s 2 state calculated in Ref. [26] , and the ionization energy of a 1s 2 2l state [7, 8] , thus obtaining the total binding energy of the 1s 2 2l state, see Supplementary Material for details.
The resulting energies of the 1s 2 2l states are listed in Table I of Supplementary Material. Table II of Supplementary Material presents a comparison of the compiled energies of the 2p 1/2 -2s and 2p 3/2 -2s transitions with the theoretical results of Refs. [7] [8] [9] .
As an important cross-check, we apply our present CI-QEDMOD approach to the 1s 2 , 1s 2 2s, and 1s 2 2p j states and compare the resulting energies with those obtained in abinitio QED calculations. The corresponding comparison is presented in Table I . We observe a very good consistency between the two approaches and conclude that our estimation of the QED uncertainties is adequate.
The region of the nuclear charges covered in the present work, Z = 18 -92, overlaps with the region Z = 18 -36 for which an analogous calculation was carried out by us in 2012 [10] . The differences with our previous calculation are as follows. First, we now use the balanced basis set of one-electron orbitals (see Ref. [11] for details), which allows us to improve the numerical accuracy of the DCB energies (particularly, for the 1s2p 2 2 D states). Second, our present approach for treatment of QED effects (with the QEDMOD package) is completely independent from the approach used in our earlier work, and the estimations of errors also. Our present way of estimating the uncertainty due to QED effects (described in Sec. II D) yields QED errors that are 2-3 times larger than those in Ref. [10] , thus leading to more conservative estimates. Third, we now compile energies of the lowestlying 1s 2 , 1s 2 2s, and 1s 2 2p j states from published results of ab-initio QED calculations, instead of calculating them within the same method as for the core-excited states, as in our previous investigation. Fourth, we presently treat the nuclear recoil effect relativistically, rather than nonrelativistically as previously.
The differences described above make our present calculation largely independent from the 2012 computation [10] , so that a comparison between them provides an additional crosscheck. We find generally good agreement between the two calculations. In a few cases, however, there are notable deviations: 2 σ for Z = 18 and 3 σ for Z = 19, 20 for the 2 D J states; 2 σ for Z = 23, the 2 P o J states. The main reason for these deviations was an insufficient convergence of the CI energies in the previous calculation due to the interaction of the reference state with continuum.
IV. RESULTS AND DISCUSSION
In this work we performed calculations of energy levels of the core-excited 1s2l2l ′ states of ions along the Li isoelectronic sequence from argon (Z = 18) through uranium (Z = 92). The corresponding energies are listed in Table VI. For each state, we present the Auger energy E Auger (i.e., the energy relative to the 1s 2 state of the corresponding He-like ion) and the energy E relative to the ground 1s 2 2s state. In addition, in the last column of the table, we present results for the fine-structure intervals E fs . The energy values listed in the table are given with one or two uncertainties. When two uncertainties are provided, the second one is due to the error of the nuclear charge radius, whereas the first one is the estimate of the theoretical error. When only one uncertainty is given, it is the theoretical error, and the one due to the nuclear radius is negligible.
Table VII presents our final results for wavelengths of the 22 strongest 1s2l2l ′ →1s 2 2l transitions. The transitions are labelled from "a" to "v", following the widely used notations by Gabriel [30] . Energy values are presented with one uncertainty that includes the possible error introduced by the nuclear radii.
In the present work we obtain results not only for the energies of the core-excited states but also for the fine-structure (fs) intervals. In most cases the fs intervals are predicted with a better accuracy than the individual energy levels. The reason is that the QED effects for the fs intervals are rather small, so that the QED uncertainty is almost negligible. The main uncertainty thus comes from the DCB energies. Since we do not observe a clear correlation between the DCB energies of different fs sublevels in our CI method, we have to propagate their errors in the standard way.
In Fig. 1 we present the fs intervals of the core-excited levels as a function of Z. The scaled function f fs is plotted, with the leading Z dependence factored out,
For comparison, we also plot the hydrogenic 2p 3/2,1/2 fs interval (dotted line). We observe that in the low-Z region individual fs intervals demonstrate very different Z behaviour. It is interesting that for the 2 D level, the fs interval changes its sign at around Z = 18 and becomes negative for lower Z [11] .
We find that in the high-Z region, the fs intervals behave in two ways, approaching either the hydrogenic fs interval or zero. This could be readily anticipated by examining the jj-coupling limit of these levels. For example, the dominant jj-coupling configuration of the We now turn to comparing our results with previous calculations and best experimental results for several selected ions. Table II shows our predictions for wavelengths of the Kα transitions in Li-like argon, in comparison with the two best measurements [27, 28] , the recent theoretical values obtained within the 1/Z expansion approach by the MZ code [29] , and the recommended NIST values [3] . We observe a very good agreement of our theory with the experimental results, our predictions being 5-10 times more accurate than the currently available experimental data. The MZ results do not bear any uncertainties but their maximal deviation from our values of 2 × 10 −4Å is consistent with the author's accuracy expectations. The agreement of our results with the NIST rec- ommended values is very good, our results being more accurate by an order of magnitude.
A similar comparison for Li-like iron is presented in Table III. In this case, high-precision experimental results of Ref. [14] are available for the q, r, t, and u lines. Their accuracy of 2 × 10 −5Å approaches the estimated precision of our theoretical values, yielding currently the most stringent test of our calculations. The agreement between our theory and the experimental values is very good for the q and r lines and somewhat marginal (within 1.2 σ) for the t and u lines. Similarly to the argon case, deviations between our results and the MZ values are consistent with the expected uncertainty of the MZ data of 2 × 10 −4Å
. Agreement with the NIST data is again good, but it might be noted that their uncertainty estimate of 10 × 10 −4Å for many levels turns out to be overly conservative and could be decreased by a factor of 5.
In the high-Z region, benchmark experimental results were obtained for Li-like mercury in Refs. [12, 13] . In the complementary theoretical study [31] , dedicated calculations were performed that included estimations of theoretical uncertainty. The corresponding comparison is presented in Table IV . We find agreement with both the theoretical and the experimental results, our predictions being more precise than any of them.
Finally, Table V compares our results for Li-like uranium with a recent calculation by Lyashchenko and Andreev [32] . We observe a systematical shift of energies ranging from 6 eV to 13 eV. The main reason for this is a 7 eV difference in the total binding energy of the 1s 2 2s state, which is in our case 294 222.8 (8) eV. We note that our results for the 1s 2 2s energies are cross-checked by comparing two different methods (see Table I ), so the deviation is most likely to be due to insufficiently accurate treatment of QED screening effects in Ref. [32] .
In summary, we have performed relativistic calculations of the energy levels and the fine-structure intervals of the 1s2l2l ′ core-excited states of Li-like ions. The relativistic Dirac-Coulomb-Breit energies have been obtained by the configuration-interaction method adapted for the treatment of autoionizing core-excited states. The relativistic energies have been supplemented with the QED energy shifts, obtained by the model QED operator approach. Relativistic recoil and the frequency dependence of the Breit interaction has been taken into account. The theoretical energies are supplied with uncertainty estimates. The 1s2l2l ′ -1s 2 2l transition energies are obtained by combining the present results for the 1s2l2l ′ states with energies of the 1s 2 2l states computed by using tabulated literature data for individual QED effects. The results obtained are in good agreement with previous theoretical and experimental data but are significantly more accurate. 2 state of the corresponding He-like ion, E is the energy relative to the energy of the 1s 2 2s state. E fs is the fine-structure splitting, representing the difference of the energy of the current state and that of the previous line. R denotes the nuclear charge root-mean-square (rms) radius, whereas M/m is the ratio of the nuclear mass to the electron mass. If the energy is given with two uncertainties, the first one is the estimate of the theoretical error, whereas the second one is due to the error of the rms radius. In the cases where only one error is given, the second uncertainty is negligible. 
